We have investigated the dynamics of entanglement between two spin-1/2 qubits that are subject to independent kick and Gaussian pulse type external magnetic fields analytically as well as numerically. Dyson time ordering effect on the dynamics is found to be important for the sequence of kicks. We show that "almost-steady" high entanglement can be created between two initially unentangled qubits by using carefully designed kick or pulse sequences.
I. INTRODUCTION
Control and manipulation of entanglement which is a quantifiable resource for quantum information tasks such as quantum computing [1] , communication [2] and cryptography [3] have been studied along many directions in the last decade [4] [5] [6] [7] [8] [9] [10] [11] [12] [13] . Among these studies, systems that are modelled as 1-D Heisenberg chain with qubits of spin-1/2 particles as the main unit are one of the prototypical examples [14] . For such systems the control of entanglement between the qubits can be manipulated with the help of various type external magnetic fields [4] [5] [6] [7] [8] [9] [10] [11] [12] [13] . In particular, Heule et al. investigated the feasibility of local operator control in arrays of interacting qubits modelled as isotropic Heisenberg spin chains [4] . Along similar lines, Caneva et al. explored optimal quantum control by appropriate pulses to affect the required transformations by numerical Krotov algorithm [5] . Wu et al. showed that one qubit gates can be constructed with global magnetic fields and controllable Heisenberg exchange interactions [6] . Levy demonstrated a scheme that uses pairs of spin-1/2 particles to form logic qubits and Heisenberg exchange only to produce all gate operations [7] . Malinovsky and Sola studied phase control of entanglement in two qubit systems and showed that by changing the relative phase of control pulses, one can control entanglement at will [8] . Sadiek et al. studied the control and manipulation of entanglement evolution for a two qubit system coupled through XYZ Heisenberg interaction influenced by a time-varying external field [9] .
Wang et al. demonstrated that near perfect entanglement can be obtained by applying a magnetic field on a single spin of an isotropic Heisenberg chain of length N [10] . Abliz et al. studied the entanglement dynamics for a two-qubit Heisenberg XXZ model effected by population relaxation in the presence of various types of magnetic fields and showed that it is possible to produce, control and modulate high entanglement with the help of time-dependent external fields despite the existence of dissipation [11] .
For a general time-dependent external field, time-ordering effects might be important and the dynamics cannot be found analytically. Most of the aforementioned studies employ numerical methods to investigate the entanglement control [4, 5, [8] [9] [10] . Although the numerical methods are fast and reliable, analytic solutions provide a more clear picture of the physics behind the dynamics. For a single qubit, the time evolution of populations and coherence under the influence of external field in the form of Gaussian pulse or a delta function kick was investigated by Kaplan et al. and Shakov et al. [15, 16] . The fast pulse or kick is defined based on the relation between the energy splitting of the qubit ∆E and the duration of the pulse τ ; if ∆Eτ << 1 then the pulse is called a kick [15, 16] . Many experimental and theoretical studies have been carried out to investigate the dynamics of two level quantum systems under the influence of a single or a series of kicks for quantum gates [17, 18] , NMR [19] , excitation of electronic states in molecules [20] , chemical reactions [21] and quantum computing [22] . However, there is no study of control of entanglement between two qubits by using fast pulses, to the best of our knowledge.
Fast pulses provide an efficient way of full population transfer in a qubit [15, 16] and because of that are expected to be an important way of controlling the entanglement. From this point, in the present study, we consider two qubits with Heisenberg XXX-type interaction. Each qubit is under the influence of a local time-dependent magnetic field that acts in the z-direction. We consider one, two, three and four kicks as well as Gaussian pulse sequences and their effect on the dynamics of entanglement between the qubits. We show that entanglement can be controlled by a careful design of the sequence of kicks.
The organization of this paper is as follows: In Sec. II, we introduce the model and basic formalism necessary to solve time evolution exactly. In Sec. III, we discuss time ordering effect on the dynamics. In Sec. IV, Wootters concurrence as an entanglement measure is briefly introduced. In Sec. V, the analytic entanglement dynamics of kicked qubits in the presence of time ordering is discussed by choosing single and multiple (up to four) kicks. In Sec. VI, the effect of finite pulse width on the entanglement dynamics is studied numerically by choosing a Gaussian pulse or pulse sequence as an external field. We conclude as a summary of the important results in Sec. VII.
II. THE MODEL AND BASIC FORMULATION
In this paper, we consider two Heisenberg XXX coupled qubits in a time-dependent external magnetic field acting in the z-direction. The typical time-dependent Hamiltonian for this system may be expressed as [9] (we seth = 1): (i = x, y, z) are the usual Pauli spin matrices, J is the qubit-qubit interaction strength and B 1 z (t) and B 2 z (t) are the time-dependent magnetic fields acting on qubit 1 and 2, respectively. It should be noted that the qubit-qubit interaction term in Eq. (1) is given byĤ 0 which is constant in time and the time-dependent part of the total Hamiltonian is calledĤ int (t) which describes the qubit-magnetic field interaction and assumed to be a single real function of t.
The most general form of an initial pure state of the two-qubit system is |Ψ(0) = 
where
The formal solution of Eq. (3) may be written in terms of the time evolution matrixÛ (t) as
The evolution operator for the general time-dependent Hamiltonian of two qubits is not easy to obtain analytically; a number of systematic procedures are obtained in Refs [23] and [24] based on dynamical groups of the system when time-ordering is not important. Here the time evolution operatorÛ (t) may be expressed as:
The only non-trivial time dependence inÛ (t) arises from time-dependentĤ(t) and time orderingT . The Dyson time ordering operatorT specifies thatĤ(t i )Ĥ(t j ) is properly ordered [15, 16, 25] :
where θ(t j − t i ) is the Heaviside step function whose value is zero if (t j − t i ) is negative and one if (t j − t i ) is positive. It should be noted that time ordering imposes a connection between the effects ofĤ(t i ) andĤ(t j ) and gives rise to observable, non-local, time ordering effects when Ĥ (t j ),Ĥ(t i ) = 0 [26, 27] .
III. TIME ORDERING
If one takesT = 1 in Eq. (5) to obtainÛ (t), the time evolution is said to contain no time ordering. So the difference between the result obtained by an exact treatment ofT in Eq. (5) andT → 1 is called the effect of time ordering on the dynamics [15, 16] . One should note that removing time ordering asT → 1 corresponds to the zeroth order term in an eikonal-like, Magnus expansion in the commutator terms [28] .
A. Limit of no time ordering
ReplacingT with 1 in Eq. (5), in the Schrödinger picture we have,
whereĤ int t = t 0Ĥ int (t )dt is the averaged interaction field, andĤ =Ĥ 0 +Ĥ int and [Ĥ 0 ,Ĥ int ] terms are non-zero. By expanding in powers of [Ĥ(t ),Ĥ(t )], it is straightforward to show that to leading order inĤ int (t) andĤ 0 , the time ordering effect is given bŷ
. This leading term disappears if the pulse centroid T k = t/2 and f (t ) is symmetric about T k . Furthermore,Û −Û 0 vanishes identically in the special cases of H int (t ) = 0, H int (t ) =H int [15, 16] . Also the commutator Ĥ (t ),Ĥ(t ) (i.e., the time ordering effect) vanishes for B 1 z (t) = B 2 z (t) or J = 0 because by using the total Hamiltonian (1) we have
which vanishes when either the time-dependent magnetic fields on qubits 1 and 2 are equal or the qubit-qubit interaction is neglected.
In general there is no simple analytic form for the exact resultÛ (t), except for special cases [9, 15, 16] . For the result without time ordering with averaged magnetic fieldsB
z (t )dt = β, the time evolution matrixÛ 0 (t) in Eq. (7) can be easily calculated as:Û
where Γ = 4J 2 t 2 + (α − β) 2 and α and β are called the integrated magnetic strengths associated with the magnetic fields acting on qubit 1 and 2, respectively.
Similarly, the time evolution matrix without time ordering in interaction picture can be studied [15, 16] . However in Refs. [15] and [16] , it was shown that the occupation probabilities for a kicked qubit for the dynamics in the limitT → 1 depend on the chosen picture. On the other hand, the exact results (the results including time ordering) are independent of the chosen picture, as expected. Thus in the next sections, we will discuss the entanglement dynamics of kicked qubits by using exact time ordered results, and we will work in Schrödinger representation. The matrix in Eq. (10) will be used to check the correctness of our results, because as mentioned before, when B 1
IV. MEASURE OF ENTANGLEMENT
For a pair of qubits, Wootters concurrence can be used as a measure of entanglement [29] .
The concurrence function varies from C = 0 for a separable state to C = 1 for a maximally entangled state. To calculate the concurrence function one needs to evaluate the matrix
whereρ(t) is the density matrix of the system andρ * (t) is its complex conjugate. Then the concurrence is defined as
where λ 1 , λ 2 , λ 3 and λ 4 are the positive square roots of the eigenvalues ofR in descending order.
It should be noted that due to the discrete symmetry (conservation of parity under flipping of theσ j i , i = x, y, z and j = 1, 2, i.e. whenσ j i → −σ j i ) of the total Hamiltonian (1), the states |Φ = a 2 |10 + a 3 |01 and |Ψ = a 1 |11 + a 4 |00 can never get mixed in time due to that symmetry [9] , as can be seen from Eq. (3). Thus we consider the time evolution of the concurrence of these states individually. The concurrence function for a pure state |Φ(t) = a 2 (t) |10 + a 3 (t) |01 with density matrixρ(t) = |Φ(t) Φ(t)| is given by
Similarly, for the pure state |Ψ(t) = a 1 (t) |11 + a 4 (t) |00 with density matrixρ(t) =
|Ψ(t) Ψ(t)|, the concurrence function reads as
where according to Eq. (4), the time-dependent coefficients read
where U ij (t) (i, j = 1, 2, 3, 4) are the matrix elements ofÛ (t).
V. ENTANGLEMENT DYNAMICS OF KICKED QUBITS
In this part, we will examine the entanglement dynamics of kicked qubits by taking into account the time ordering effects for the initially pure separable |Ψ(0) = |01 and maximally
(|10 + |01 ) Bell states. We will work in the Schrödinger picture and present analytic expressions for the time evolution operator of the two-qubit system for a single kick as well as a positive followed by a negative kick and a sequence of two, three and four equally distanced kicks. For all kick sequences we consider two integrated magnetic strength regimes: α = 2β and α = 3β and for convenience we shall set J = 1 and β = 1.
From those results we will use Eqs. (14) and (16) to analyze and discuss the time evolution of the entanglement between the qubits.
We have also considered the other Bell states
(|11 ± |00 ) and
well as separable states of two qubits as |11 , |00 , |10 . Under the influence ofĤ(t) of Eq. (1), the states of the type |00 and |11 remain separable, while the entanglement of
(|11 ± |00 ) does not change with time. These may be checked using Eq. (15) (|10 + |01 ) and that of |01 is same as |10 that are noted after specifying the propagators for kicked qubits and by using Eq. (14) and Eq. (16) . So, we consider only |Ψ(0) = |01 and |Φ(0) =
One point we want to emphasize that before the field is active, the propagator is equal to e −iĤ 0 t and given by Eq. (23) . Based on Eqs. (14), (16) and (23) Here we consider two qubits whose states coupled by an interaction field which can be expressed as a sudden "kick" at t = T 1 , namely
). For such a kick the integration over time is trivial and the time evolution matrix in Eq. (5) becomes [15] 
in the same form as Eq. (10) with elements
for t > T 1 . The propagator without time ordering is given in Eq. (10) and as explained before when α = β or J = 0, the time ordering effect,Û K (t) −Û 0 (t), vanishes after the field is active.
By inserting Eq. (18) into Eqs. (14) and (16) for the initial states |Φ(0) =
and |Ψ(0) = |01 , one can obtain the analytic expressions of the concurrence functions after the kick (t > T 1 ). For the maximally entangled state, the concurrence is given as:
while for |Ψ(0) = |01 the concurrence after t = T 1 can be obtained as
where Λ = (cos(2Jt) cos(∆) − i cos(ζ) sin(∆)) (i cos(∆) sin(2Jt) + sin(ζ) sin(∆)), ∆ = α − β and ζ = 2J(t − 2T 1 ).
The dynamics of concurrence for the initial Bell state and the separable state for the single kick which are given by Eqs. (19) and (20) for t > T 1 are displayed in Fig. 1(a) and (b), respectively. The effect of the kick on the entanglement is pronounced for both initial states; the concurrence of the Bell state starts oscillating with an amplitude that depends on the ratio of the integrated magnetic strength of the external fields on qubit 1 and 2 (i.e., α and β, respectively). The effect of the kick on the system initially in separable state, |01 , is similar with the exception that the concurrence variation amplitudes get lower after the kick. One should also note that C(ρ) of the initial Bell state is independent of J before the kick, while the frequency of its time-dependence after the kick is proportional to the qubit-qubit interaction strength J, as can be seen from Fig. 1(a) and the analytic expression Eq. (18).
B. A positive followed by a negative kick
The propagator for a sequence of either identical or non-identical kicks can be easily obtained by multiplication of several matrices of the form of Eq. (17) [15, 16] . For example, one may consider a sequence of two kicks of opposite sign at times t = T 1 and t = T 2 ,
. Following the procedure given in Eq. (17), one obtains the time evolution matrix for t > T 2 as [15] :
where the elements of Eq. (21) is the same form as Eq. (10) with parameters
where ζ i = 2J(t − 2T i ), ∆ = (α − β) and T s = T 2 − T 1 . For this case, the time evolution matrix without time ordering is given bŷ
because for a positive kick followed by a negative kick the averaged interaction Hamiltonian,
For the cases J = 0, or T s = 0, or α = β, the time ordering effect defined aŝ
The entanglement dynamics under the positive-negative kick sequence at times t > T 2 is obtained by using the expression Eq. (22) in Eqs. (14) and (16) and are displayed in Fig. 2(a) and (b) for the initial Bell and separable states, respectively. The effect of the negative kick at T 2 is found to be opposite for the |Φ(0) = 1 √ 2 (|10 + |01 ) and |Ψ(0) = |01 initial states; for the |01 state, the dependence of concurrence on the integrated magnetic strength vanishes while for the initial Bell state, amplitude of concurrence oscillations change with α and β. One peculiar result from Fig. 2(a) is the observation that the negative kick has no influence on the dynamics of concurrence for α = 3β magnetic fields (solid line in Fig. 2(a) ). 
C. Two positive kicks
To show the difference between positive and negative kicks applied after the first positive kick on the entanglement dynamics of two qubits, one may consider a sequence of two positive kicks applied at times t = T 1 and t = T 2 , namely,
. Following the procedure given in Eq. (17), one obtains the time evolution matrix Eq. (21) for t > T 2 in the form as Eq. (10) with parameters
where ζ i = 2J(t − 2T i ), ∆ = (α − β) and T s = T 2 − T 1 . Here the propagator without time ordering can be calculated by replacingB The effect of two consecutive positive kicks on the dynamics of concurrence for two qubits is displayed in Fig. 3 
D. Three and four positive kicks
One may consider a sequence of n-positive kicks applied at times t = T 1 , t = T 2 , ..., t = T n ,
For example, following the procedure given in Eq. (17), one obtains the time evolution matrix for three positive kicks at times t > T 3 as:Û
in the same form as Eq. (10) with parameters
Similarly, the time evolution matrix for four positive kicks at times t > T 4
with parameters specified in Eq. (10)
Here the propagator without time ordering can be calculated by replacingB 1 z t → nα andB 2 z t → nβ (here n = 3 for three positive kicks and n = 4 for four positive kicks) in Eq. (10) and note that for α = β or J = 0, the time ordering effect defined asÛ K (t) −Û 0 (t) disappears after the field is active.
The dynamics of C(ρ) under three and four positive kick sequence is shown in Figs. 4(a) and 4(b) for
(|10 + |01 ) and |01 initial states, respectively. The most important finding from these figures is that almost constant high entanglement can be obtained after the 3 rd kick for the
(|10 + |01 ) state and after the 1 st and 4 th kicks for the |01 state at external magnetic field ratio of α/β = 2.
The integrated magnetic field strength dependence of the concurrence dynamics is shown in Fig. 5 where we display the contour plot of C(ρ) as functions of α/β and Jt for 
VI. ENTANGLEMENT DYNAMICS OF QUBITS PERTURBED BY A SE-QUENCE OF GAUSSIAN PULSES
Depending on the physical implementation of the qubit, it might be difficult to obtain an external field that can be considered as a kick. Instead a Gaussian pulse with finite width can be applied (for example, half-cycle electromagnetic pulses with width near τ = 1ps may be experimentally achievable [30, 31] ). Thus in this part, we will discuss the entanglement dynamics of two qubits under the influence of Gaussian pulses of the form
(α 1,2 = α, β) centered at T k with width τ . The dynamics of entanglement in the presence of time ordering for the initial pure states |Φ(0) =
and |Ψ(0) = |01 are evaluated by numerically integrating the corresponding equations in Eq. (3) and using Eq. (14). Here we will investigate how the entanglement depends on the pulse width τ by choosing a single pulse, a positive pulse followed by a negative pulse, and multiple positive pulses up to four centered at times T 1 = 5, T 2 = 10, T 3 = 15 and T 4 = 20.
For all pulse sequences we will consider two integrated magnetic strength regimes: α = 2β
and α = 3β and for convenience we shall set J = 1 and β = 1. One should note that in the limit τ → 0, the results of entanglement dynamics of kicked qubits in the presence of time ordering should be the same that are analyzed in the previous section.
A. Single Pulse
In Fig. 6 , we show the results of a calculation of the concurrence for the initial pure states
(|10 + |01 ) and |Ψ(0) = |01 when strongly perturbed by a single Gaussian pulse centered at t = T 1 with width τ . According to Schrödinger equation (3) of the system considered here, the expansion coefficients a 1 (t) and a 4 (t) evolve independently and a 2 (t) and a 3 (t) obey a first-order coupled differential equation set, for example for a single pulse, as:
which are solved numerically by using a fourth order Runge-Kutta algorithm. The most important observation from Fig. 6 is the existence of almost constant high concurrence for the initially separable state at α = 2β integrated magnetic strength and high width Gaussian pulse, while the entanglement continues to have high amplitude oscillations for α = 3β; its value for α = 2β is almost constant at around 1 for Jτ ; the dimensionless pulse width greater than 0.15. On the contrary for the initial Bell state, the oscillation amplitude of C(ρ) increases with the Jτ of the pulse for each magnetic ratio (α/β = 2 and α/β = 3). Gaussian pulse centered at t = T 1 followed by a negative or positive Gaussian pulse centered at t = T 2 with the same width τ . For the double pulse sequence a 2 (t) and a 3 (t) obey the coupled equations:
where + sign in the ± on the right-hand side is for positive-positive pulse sequence, while − sign is for positive-negative pulse sequence.
The concurrence dynamics for positive-negative and positive-positive pulse sequences has nearly constant entanglement around 1 (see Fig. 7(a) ) for positive-negative pulse sequence after negative pulse, while it oscillates between 1 and 0.25 for positive-positive pulse sequence (see Fig. 8(a) ).
C. A sequence of four positive pulses
The effect of integrated magnetic strength and the pulse width on the dynamics of concurrence for two qubits perturbed by a sequence of four positive Gaussian pulses is displayed in Fig. 9 using the numerical solutions of the coupled equations: These show an important fact that since the time ordering provides a connection between interactions at different times, it is responsible from the nonlocal correlations between the qubits in time.
VII. CONCLUSION
We have investigated the dynamics of entanglement for two qubits that interact with each other via Heisenberg XXX-type interaction under a time-dependent external magnetic field. Initial state of the system is considered to be pure Bell or separable states. The main aim of the study was to investigate the controllability of the entanglement with a sequence of pulse or kick type external fields.
The effect of time ordering in the dynamics of concurrence is found to be important;
concurrence calculated when the time ordering is neglected is found to be completely different than when it is taken into account. Time-dependent concurrence obtained after one, two, three and four kicks at different magnetic field strengths indicate that one can employ carefully chosen kick or kick sequences to produce high entanglement between two initially non-entangled qubits.
We have also considered the effect of the pulse width of the external field on the entanglement dynamics by modelling the external field as a Gaussian pulse or a sequence of Gaussian pulses. Increasing the width of the pulse is found to enhance the control of high and steady entanglement.
One should note that the external control field considered in the present study acts on both of the qubits at the same time. It might be possible to use pulse sequences acting an individual qubits at different times to obtain a better control of entanglement. (black) and 1 (white).)
